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Abstract 

In the present paper it is proved that the functors Or of r-smooth order 
preserving functionals and O of Radon order preserving functionals preserve the 
weight of infinite Tychonoff spaces. Moreover, it is established that the density 
and the weak density of infinite Tychonoff spaces do not increase under these 
functors. 
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0. Introduction 



Let X be a compact (= compact Hausdorff topological space) and let 
C{X) be the Banach algebra of all continuous real- valued functions with 
the usual algebraic operations and with the sup-norm. For functions 
(p, ip ^ C{X) we shall write < ip if (f{x) < ip{x) for all x G X. If c G M 
then by cx we denote the constant function identically equal to c. Recall 
that a functional /i : C{X) ^ M is said [2] to be: 

1) order-preserving if for any pair -0 G C{X) of functions the in- 
equality (p < ip implies //((^) < IJ-{ip); 

2) weakly additive if + cx) = fJ-if) +c//(lx) for all (p G C{X) and 
ce R; 

3) normed if fi{lx) = 1- 

For a compact X denote by 0{X) the set of all order-preserving 
weakly additive and normed functionals /i : C{X) — ^ R. By W{X) 
we denote the set of all functionals satisfying only the conditions 1) and 
2) of the above definition. Note that according to proposition 1 [7] each 
order-preserving weakly additive functional is continuous. Further order- 
preserving weakly additive functionals are called order-preserving func- 
tionals [2]. 

Let X be a Tychonoff space and let Cb{X) be the algebra of all 
bounded continuous real-valued functions with the pointwise algebraic 
operations. For a function ip G Cb{X) put \\(p\\ = sup{|(/?(x)| : x G X}. 
Cb{X) with this norm is a Banach algebra. For a net {(pa} C Cb{X) 
cpa i Ox means that for every point x E X one has Pa{x) > Pp{x) at 
(3 y a and \im(pa{x) = Ox- In this case we say that {(paj is a monotone 

a 

decreasing net pointwise convergent to zero. 

For a Tychonoff space X by /3X denote its Stone-Cech compact ex- 
tension. Given any function p G Cb{X) consider its continuous extension 
(p G C{(3X). This gives an isomorphism between the spaces Cb{X) and 
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C{PX) moreover, \\if\\ = \\(f\\, i. e. this isomorphism is an isometry, 
and topological properties of the above spaces coincide. Therefore one 
may consider any function from Cb{X) as an element of C(/5X). Hence 
definitions 0.1 and 0.2 from [1] may be given in the following form. 

Definition 1. An order-preserving functional fi G W{f3X) is said 
to be T -smooth if iJ.{(pa) for each monotone net {(fa} C C{(3X) 
decreasing to zero on X. 

Definition 2. An order-preserving functional /i G 0{/3X) is said to 
be Radon order-preserving functional if ^Ji{'^a) ~^ for each bounded net 
{'^a] C C{I3X) which uniformly converges to zero on compact subsets of 
X. 

For a Tychonoff space X by Wr{X) and Wr[X) denote the sets of 
all r-smooth and Radon order-preserving functionals from W{(3X)^ re- 
spectively. The sets Wr{X) and Wr{X) are equipped with the point- 
wise convergence topology. The base of neighborhoods of a functional 
ji G Wt{X) (respectively, of // G Wr{X)) in the point wise convergence 
topology consists of the sets 

(//;(^i,...,(^fc;£> = {ye W{(3X) \y{ipi) - < e}nWr{X) 

(respectively, ...,(pk;€) = {v e W{f3X) : \u{ipi)-fi{ipi)\ < e}nWR{X)) 

where (fi G C{(3X), i = 1, k and £ > 0. 
Put 

Or{X) = {// G Wr{X) : ^(Ix) = 1}, 
Or{X) = {// G Wr{X) : ii{lx) = 1}. 

The operations Or and Or are functors [1, Theorem 0.3] in the cate- 
gory Tych of Tychonoff spaces and their continuous maps. 

Let A be a closed subset of the compact X. An order-preserving func- 
tional /J, G 0{X) is said to be supported on A if // G 0{A) [2]. The 
set 

supp/i = r\{A : 11 G 0{A) and A is closed in X} 
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is called the support of the order-preserving functional /i. 
For a Tychonoff space X put 

Op{X) = {yLi G 0(/3X) : SUppyLi C X}. 

The operation translating a Tychonoff space X to Op{X), is a functor 
[3] in the category Tych. Obviously the inclusions 

0^(X) c OniX) c OriX) c 0(/3X) (1) 

are valid for any Tychonoff space X, and the equalities 

O^iX) = OniX) = OriX) = OipX) 

are true for arbitrary compact X. 

Let X and Y be compacts and let / : X ^ y be a continuous map. 
Then the map 0(f) : 0{X) — ^ 0{Y) defined by the formula 

0(/)(//)M=M^o/) 

is continuous, where ip G C{Y) and fi G 0{X). 

Now let X and Y be Tychonoff spaces and let / : X — ^ F be a 
continuous map. Put 

Orif)=Oi(3f)\OriX), 

ORif) = Oif^f)\OniX) 

and 

0pif) = 0i(5f)\0piX) 

where f3f : PX f3Y is the Stone-Cech extension of /. 

Note that the above maps 0^(/) : 0^(X) Or{Y), Onif) : 
Or{X) Or{Y) and O^if) : 0^(X) ^ 0^(y) are defined correctly 
and they also are continuous. 

In the paper [3] it was shown that the functor Op preserves the weight 
of infinite Tychonoff spaces. There exists an example [4, example 3], 
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which shows that under the functor 0{P-) the weight of a Tychonoff 
space may strictly increase, more precisely, the example shows that the 
functor translates a Tychonoff space X with countable weight to a com- 
pact 0{I3X) with continuum weight. The question whether the functors 
0-r and On preserve the weight was open. In this paper we obtain a pos- 
itive answer to this question. Moreover we prove that under the functors 
Or and Or the density and the weak density of infinite Tychonoff spaces 
do not increase. It is established that the weak densities of the following 
spaces coincide: 

Ocj{X) of order- preserving functionals with finite supports, 
Op{X) of order-preserving functionals with compact supports, 
Or{X) of Radon order-preserving functionals, 
Ot{X) of r-smooth order-preserving functionals and 
0{PX) of all order-preserving functionals. 

Note that the space Wr{X) equipped with the pointwise convergence 
topology may be considered as a subspace of the topological product 11 = 
: (f G C{PX)} of real lines = M. Since 11 is a Tychonoff space 
the spaces Wr{X) and Or{X) with the pointwise convergence topology 
are also Tychonoff spaces. 



1. Main results 

Let X be a topological space. Recall that a weight of X is the cardinal 
number w{X) defined by the formula 

w{X) = min{|Q3| : 05 is a base of the topology on X}. 

In this section we shall prove that the functors Or of r-smooth order- 
preserving functionals and Or of Radon order-preserving functionals pre- 
serve the weight of infinite Tychonoff spaces. To do this, we need some 
constructions. 



5 



Let F be a subspace of a Tychonoff space X. Put 

The following notion is well-known. A subspace F C X is called C- 

embedded in X if for each function G Ci,{Y) there exists a function 
(fi G Cb{X) such, that (p\Y = (p. li Y is a. C-embedded subspace of the 
given space X then clearly C = Cb{Y). 

For a C-embedded subspace F of a Tychonoff space X, a functional 
IJ. G W{(3X) and a function (p £ Cb(Y) put 

= inf{/i(V^) : t/j e ^ > (infMy) : 2/ G Y})x. ^Y = (2) 

Lemma 1. For each ji G W{(3X) we have Ty (//) G ^^(/^F). /n oi/ier 
words ryifi) is an order-preserving weakly additive functional on Ci,{Y). 
Proof. We have the following equality 

r?(/i)(ly)=MU), (3) 

which directly follows from (2). Let (p G Cb{Y). Then (/? + cy G C for all 

c G M. We have 

r^(Ai)(^ + cy) = 

= inf{fi{ij) : G ^(X), ^ > {inf{ip{y)+c : G i^\Y = ip+Cy} = 

= : G C6(X),V' > {ini{(p{y) : y G Y})x+Cx,i^\Y = (p+cy} = 

= inf{ii{il) - cx) + c- ii{lx) ■■ G CbiX), 
i/^-cx> {inf{ip{y) : y G Y})x, {ip - cx)\Y = (p} = 
= inf{iJ,{i/j - cx) : -0 G CbiX), 
ip-cx> {inf{ip{y) : y G Y})x, {ip - cx)\Y = ip} + c • ii{lx) = 

= rf(//)(v?) + c-//(lx) = 
= (by virtue of (3)) 



f) 



i. e. rJ(//)((^ + Cy) =r?(y^)(c^) + CT?(^)(ly). 

Now let us show that TyifJ') is an order-preserving functional. Let 
(fi G Cb(Y), i = 1,2, and (pi < (p2- Then 

rYil^)M = 

= mfiiiii;) : ^/j G ^(X), ^/j > iinf{ifiiy) : y G y})x, V^l^ = ^1} < 

< infiiii^) : ^ e CtiX), ^ > iinfW2iy) : y G Y})x, ^\Y = ^1} < 

< mfifiii;) : G ^(X), > (zn/{^2(?/) : V G = ^2} = 

= r^(^)((/?2), 

i. e. r§[ii)[ipi) < Ty (//)((/?2)- Thus the functional Vyilj) is order- 
preserving and weakly additive on Ch{Y). Lemma 1 is proved. 

The order-preserving functional Vy (/i) defined as above is said to be a 
restriction of the given order-preserving functional /i G W{I3X) and the 
map Ty : W{I5X) W{I3Y) is called the restriction operator. 

From Lemma 1 and the equality (3) we have the following 

Proposition 1. Let Y he a C -embedded subspace of Tychonoff space 
X. Then rfiii) G 0{PY) if and only zf fi E 0{PX). 

Let Y CX, W{(5Y) and (p G ^(X). Put 

eli^)ip)=K^\Y). (4) 
The following statement is obvious. 

Proposition 2. For every ^ G W{PY) we have e^(/i) G W{(3X) and 
e5(//)(lx) = /^(ly)- Hence, e5(//) G 0{PY) if and only if e 0{(5X). 

The order-preserving functional e\{n) is said to be the extension of the 
given order-preserving functional /i, and the map e\ : W{j3X) W{j3Y) 
is called the extension operator. 

Lemma 2. Let Y be a C -embedded subspace of a Tychonoff space X. 
Then r§ o e\ = idwo(3{Y) • 
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Proof. If II e W{l3Y) then by virtue of Proposition 2 e^{ii) G W{l3X). 
From Proposition 1 it follows that ry (e^(//)) G W{/3Y). According to 
the construction of the restriction operator the restriction (e^(//)) of 
the order-preserving functional e\{ii) is defined on C = {i>\Y : G 
Cfo(X)} = Cb{Y). But according to (2) and (4) we have r§{e\{ii)){(f) = 
Ii{lp) for each Lp G ChiX)- Lemma 2 is proved. 

Lemma 3. Let Y he a C -embedded subspace of a Tychonoff space X. 
An order-preserving functional ji G W{(3Y) is T-smooth if and only if 
Gxil^) ^ W{(3X) is a T-smooth order-preserving functional. 

Proof. Let fi G Wt-(^) be an arbitrary order-preserving functional and 
let {(fa} C Cb{X) be a net such that (pa i Ox- Then (pa\Y i Oy. Hence, 
eJ(//)(^,) = iiMY) ^ 0. So, elifi) G Wr{X). 

Let us establish the converse statement. Let /i G W{PY) be an ar- 
bitrary order- preserving functional such that e^(/i) G Wr{X). Then for 
each net {tpa} C Cb{X) monotone decreasing to zero on X we have 
e^(//)('0a) — ^ 0. Hence from (4) it follows that for each net {ipa} C Cb{X) 
satisfying tl)a\Y i Oy one has ii{il)a\Y) — ^ 0. 

Now take an arbitrary net {^Pa} C Cb{Y) such that cpa i Oy. Since Y is 
C-embedded in X there exists a net {ipa} C Cb{X) such that ipa\Y = ipa 
for all a. Hence, ipal^ i Oy and therefore fii^Pa) = /^(V'al^) — ^ 0. Thus 
fi G Wr{Y). Lemma 3 is proved. 

Note that for a compact X each order-preserving weakly additive func- 
tional /J, : C {X) M has a (continuous) order-preserving weakly additive 
extension /i' : B{X) R with //'(Ix) = K^x) [5]. Here B{X) is the 
space of all bounded functions equipped with the uniform convergence 
topology. As we have noted above for each Tychonoff space X the normed 
spaces Cb{X) and C{PX) are isometrically isomorphic. Therefore any r- 
smooth order-preserving functional /i : Cb{X) = C{f^X) — ^ M may be 
also extended to B[j3X) as well. We shall use the same notation for an 
order-preserving functional from W{I3X) and for its extension on B{PX). 

Let F be a subspace of a Tychonoff space X. Consider the following 
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set 

Of (X) = {// G Or[X) : ii[xk) = 

for every compact K d X such that if fl F = 0}, 
where xk is the characteristic function of the set K. 

The equalities (2) and (4) imply the following 

Proposition 3. LetY he a C -embedded suh space of a Tychonoff space 
X. Then e\ o r^|Of (X) = ido*^(x)- 

Lemmas 2, 3 and Proposition 3 yield that for a C-embedded subspace 
y of a Tychonoff space X the following equalities hold 

TUO*y{X)) = OriY). 

These equalities imply the following 

Proposition 4. For any Tychonoff space X the maps 

ej^ : 0,(X) ^ 0\{(5X) 

and 

rf : 0\m) - Or{X) 

are mutually inverse homeom^orphisms. 
The next statement is the key result. 

Theorem 1. For an arbitrary Tychonoff space X and for every its 
compactification bX the spaces O^iPX) and 0^(6X) are homeomorphic. 

Proof. At first recall that a continuous map / : hiX b2X between 
compactifications biX and 62X of the given Tychonoff space X is called 
natural, if f{x) = x for all x G X [5, P. 47]. 

Let X be a Tychonoff space, and suppose that bX is its arbitrary 
compact extension. Let / : /3X bX be a natural map. Assume 
that ji G 0*x{l3X) and 0[f)[ii) = u. Consider an arbitrary compact 
set F C 6X \ X. By virtue of Theorem 3.5.7 [6, P. 220] the inclusion 
/-1(F) (l(3X\X holds. Put K = f-\F). Then f{K) = F and xk = 
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Xf o /• We have 

^[xf) = 0[f)[ii){xF) = l^iXF of)= ii{xk) = 0. 

So, 0{f){Ox{pX)) C Ox{bX). In other words the following restriction 
map is correctly defined 

OifWAPX) : 0*APX) ^ 0*AbX). (5) 

The map 0{f)\0xi/3X) is continuous as the restriction of the continuous 
map 0(/) : 0{(3X) 0{bX). 

Let n G 0{PX) \ OxiPX). Then there exists a compact set K C 
I3X \X such that ii{xk) 0. Applying theorem 3.5.7 [6, P. 220] we 
obtain f{K) cbX\X and 

0{f){^i){Xf{K)) = KXfiK) O /) = fJ^iXK) 7^ 0. 

Hence, 0{f){fi) G 0{bX) \ 0^(6X). So 0(/)(0^(/3X)) = 0^(6X) since 
the map 0{f ) is surjective, i. e. the map (5) is surjective. 

Note that for every compact extension bX of a Tychonoff space X the 
inclusion 

OpiX) c 0(6X), 

is true. Thus, for every Tychonoff space X and its compact extension 
bX one has 

OpiX) cO{/3X)nO{bX). (6) 

From this it follows 

Op{X)cO*x{mr)0*x{bX). 
Lemma 4 [2] and the inclusion (6) imply 

0(/)(/i)=/^ (7) 

for each order-preserving functional /i G Of3{X). 

Now we need the density lemma for order-preserving functionals. Re- 
call that the density of a topological space X is the least cardinal number 
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of the form |^| where A runs over everywhere dense subsets of the space 
X, and \A\ denotes the cardinahty of the set A. The density of a topo- 
logical space X is denoted by d{X). 
For a Tychonoff space X put 

Ouj{X) = {// G 0{l3X) : supp// C X and supp// is finite set}. 

The following statement may be considered as a version of the density 
lemma 1.4 from [8] for order-preserving functionals. 

Lemma 4. For an infinite Tychonoff space X and for its subspace Y 
the set Oco{Y) is everywhere dense in 0{(3X) if and only ifY is every- 
where dense in X. 

Proof. If Y is not everywhere dense in X then there exists a nonempty 
open set U C X such that t/ fl F = 0. Take x G U. Consider a basic 
neighborhood {5x]^]'^{x)) ^ where 5^ is the Dirac measure, defined as 
^xi^l^) = i^ix), ip € Cf){X), and ip G Cf){X) is a function such that (p{x) > 
and ip{y) =0 for all y E X \ U. Then it is clear that {6x; f, fix)) fl 
0^{Y) = 0. 

Let now Y be an everywhere dense in X. Then we have 

OujiX) C OpiX) C (since Op is monomorphic [3]) C Op{X), 

and hence, Ouj{Y) C 0^(X). Let ii £ Ou}{X) be an arbitrary order- 
preserving functional, and let (/i; (^^j be a neighborhood of fi. 
Suppose that supp// = {xi, Xn}- One can choose a set {yi, ...,ys} C Y 
and an order-preserving functional u G 0(j{Y) such that the following 
conditions hold: 

(i) SUppz/ = {^1, 

(ii) \iy{(pi) - fi{(pi)\ < £, i = 1, k. 

This implies z/ G (//; (pk', s), i- e. the set Ouj{Y) is everywhere dense 

inO^iX). 

From the above in particular it follows that the set 0^(X) is every- 
where dense in Ou;{(3X). On the other hand according to proposition 3 
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[2] Ouj{PX) is everywhere dense in 0{/3X). Therefore Oaj{X) is every- 
where dense in 0{/3X) and thus, Ot^(F) is everywhere dense in 0{f5X). 
Lemma 4 is proved. 

According to Lemma 4 the set Of]{X) is everywhere dense in the 
spaces 0{PX) and 0{bX). Hence, Op{X) is everywhere dense in the sets 
0*x{(]X) and O'xibX). 

Now let us show that the map (5) is one-to-one. For this purpose take 
an arbitrary order-preserving functional u G 0^(6X). Suppose that there 
exist order-preserving functional fii^ fi2 £ O^iPX) such that fii ^ fi2 
and 0(/)(Aii) = 0(/)(^2) = ly. Let K} C 0/?(X), i = 1, 2, be two 
nets converging to the functionals /ii and //2, respectively. Since the map 
Oif)\0*xiPX) : 0*xiPX) ^0^(6X) is continuous, the nets {0(/)(//J,)}, 
i = 1, 2, converge to v. On the other hand according to (7) one has 
^iDiKx) = for z = 1, 2 and for all a. Hence, 

/ii = lim/i^ = z/ = limyw^ = ii2- 

a a 

We obtain a contradiction which shows that our assumption is false. 
From the above, in particular, it follows that the map 

(0(/)|0^(/?X))-i : Oi(6X) ^ 0^(/3X), 

inverse to (5), is also continuous. Thus, the map (5) is a homeomorphism 
of the spaces 0'^{(3X) and 0^{bX). Theorem 1 is proved. 

Since each Tychonoff space X has a compact extension bX such that 
w{X) = w{bX), Proposition 4 and Theorem 1 imply the following 

Corollary 1. The functor Or preserves the weight of every infinite 
Tychonoff space X, i. e. w{Ot{X)) = w{X). 

According to (1) we have 

Corollary 2. The functor Or preserves the weight of every infinite 
Tychonoff space X , i. e. w{Or{X)) = w{X). 
Thus, 

w{0^{X)) = w{Or{X)) = w{Or{X)) = w{X) 
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for every infinite Tychonoff space X. 

Note that from Lemma 4 one can also obtain a strengthened version 
of theorems 1.8 and 2.6 from [1]. 

Let X be an infinite Tychonoff space. By virtue of the inclusions 
(1) and 0^{X) C 0^(X) it follows that Op{X) is everywhere dense in 
the spaces Or{X), Or{X) and 0{(3X). On the other hand according to 
results of [3] one has (i(0/j(X)) < d{X) for every infinite Tychonoff space 
X. Thus, a strengthening of theorems 1.8 and 2.6 from [1] may be to 
stated as follows 

Corollary 3. The density of an infinite Tychonoff space does not 
increase under the functors: 

0{/3-) of all order-preserving functional, 

Or of T-smooth order-preserving functionals, 

Or of Radon order-preserving functionals and 

Op of order-preserving functionals with compact supports. 

Moreover, for every infinite Tychonoff space X we have 

d{p{(3X) < d{Pr{X)) < diPR^X)) < d{Pfi{X)) < d{X). 

Recall the following notion. 

Definition 3 [3]. The weak density wd{X) of a topological space X is 
the least cardinal number r such that X has a 7r-base which is the union 

of T centered families of open sets in X. 

We need the following properties of the weak density [3] : 

(A) If Y is everywhere dense in X then wd{Y) = wd{X); 

(B) If X is compact then wd{X) = d{X). 

The property (A) of the weak density. Lemma 4 and the inclusions 

(1) imply: 

Proposition 5. For each Tychonoff space X one has 

wd{0^{X)) = wd{OpiX)) = wd[OR[X)) = wd{OriX)) = wd[0[(3X)). 

(8) 
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Moreover according to (A) and (B) one has wd{X) = wd{j3X) = 
d{(5X) and wd{0{(3X)) = d{0{/3X)). Therefore Lemma 4 and Proposi- 
tion 5 imply 

Corollary 4. The density of an infinite Tychonoff space does not 
increase under the functors 0(/5-), Or, and Op. 

In connection with Proposition 5 the following question arises 

Question. Are equalities similar to (8) valid for the density of a 
Tychonoff space XI 

The next result gives a positive answer for a particular case. 

Proposition 6. The space Or{X) is separable if and only if the space 
Op{X) is separable. 

Proof. Since Oj3{X) is everywhere dense in Or{X) one has the inequal- 
ity d{OR{X)) < d(0/3(X)). Let us show that the opposite inequality is 
also true. 

Let {fJ-n} C 0r{X) be a countable everywhere dense subset of order- 
preserving functionals. For every order-preserving functional and each 
positive integer m there exists a compact set Kn,m C X such that 

Mn(V^) < - (9) 

m 

where (p G Cb{X) is an arbitrary function satisfying the following in- 
equalities 

< ^ < X(x\i._). (10) 
Define an order-preserving functional /j,n,m on Cf,{X) by the formula 

^n,m = r^^^S^n)- (H) 

Then ^in,m e 0{Kn,m) C OfiiX). We have 

- ^^n,m{'f) \ = (according to (11)) = |//„((^) - ^ (//„) (^) | = 
= Wi^p) - r^^^^{iin)i(f\Kn,m) \ = (according to (10)) = 

= \iin{ip)\ < (according to (9)) < — 

m 
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for all n, m. From this it follows that the sequence {lJ^n,m}m=i pointwise 
converges to Hence, M = {iJ.n,m '■ Tn^n = 1,2,...} is everywhere 
dense in Or{X). On the other hand, M C Op{X) C Or{X). This means 
that M is everywhere dense in 0^(X), i. e. d{Op{X)) < d{Oii{X)). 
Proposition 6 is proved. 
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